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COUNTING INVARIANT COMPONENTS OF
HYPERELLIPTIC TRANSLATION SURFACES
KATHRYN A. LINDSEY
Abstract. The flow in a fixed direction on a translation surface S de-
termines a decomposition of S into closed invariant sets, each of which
is either periodic or minimal. We study this decomposition for trans-
lation surfaces in the hyperelliptic connected components Hhyp(2g − 2)
and Hhyp(g − 1, g − 1) of the corresponding strata of the moduli space
of translation surfaces. Specifically, we characterize the pairs of non-
negative integers (p,m) for which there exists a translation surface in
Hhyp(2g− 2) or Hhyp(g− 1, g− 1) with precisely p periodic components
and m minimal components.
This extends results by Naveh ([Nav08]), who obtained tight upper
bounds on the numbers of minimal components and invariant compo-
nents a translation surface in any given stratum may have. Analogous
results for the other connected components of moduli space are forth-
coming.
1. Introduction
A translation surface is a compact, connected, oriented, surface endowed
with a flat metric which has a finite number of conical singularities, each
of which has a cone angle that is an integer multiple of 2pi. Such a surface
has trivial linear holonomy, so the flow in a fixed direction on the surface is
defined for every regular point. The flow in a fixed direction on a translation
surface S determines a decomposition of S into a finite number of closed,
invariant sets called components. There are two types of components: min-
imal components and periodic components. A periodic component is the
closure of a maximal cylinder of periodic orbits. A minimal component is
the closure of a recurrent, non-periodic orbit. Without loss of generality, we
will always assume the flow to be in the positive vertical direction. For all
g ∈ N, the strata H(2g−2) and H(g−1, g−1) of the moduli space of trans-
lation surfaces each have a connected component called the hyperelliptic
component, denoted by Hhyp(2g − 2) and Hhyp(g − 1, g − 1), respectively.
Theorem 1.1. Fix g ∈ N. Let (p,m) be a pair of nonnegative integers, at
least one of which is nonzero.
(1) There exists a translation surface in the hyperelliptic component
Hhyp(2g − 2) with precisely p periodic components and m minimal
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components if and only if
3m+ 2p− 1 ≤ 2g.
(2) There exists a translation surface in the hyperelliptic component
Hhyp(g − 1, g − 1) with precisely p periodic components and m min-
imal components if and only if
3m+ 2p− 2 ≤ 2g,
except for the case g = 1.
Theorem 1.1 extends work by Naveh ([Nav08]), who obtained tight upper
bounds on m and, for each fixed value of m, on m + p, with the bounds
taken over each stratum. An interesting feature of Theorem 1.1 is that
when trying to maximize the number of invariant components of surfaces in
the hyperelliptic components, minimal components “count” one and a half
times as much as periodic components do against an upper bound. Naveh’s
bounds in the cases of the strata we are considering are as follows:
(1) Over the stratum H(2g − 2), the tight upper bound on m is g − 1,
and for each fixed 0 ≤ m ≤ g− 1 the tight upper bound on m+ p is
g.
(2) Over the stratum H(g − 1, g − 1), the tight upper bound on m is g.
When m = g, p = 0. For each fixed value of m with 0 ≤ m ≤ g − 1,
the tight upper bound on m + p depends on the parity of g. If g
is odd, the tight upper bound is m + p ≤ g + 1. If g is even and
m = g−1, the tight upper bound on p is 1. If g is even and m < g−1,
the tight upper bound on m+ p is g + 1.
The other property which, along with hyperellipticity, is used in [KZ03] to
classify the connected components of strata is the parity of the spin structure
of a translation surface. This quantity is defined for translation surfaces in
strata whose surfaces have all even order cone points. The fact that Naveh’s
bounds for strata of the form H(g − 1, g − 1) depend on the parity of g is
related to the existence of the parity of the spin structure. An analysis of the
interplay between spin structures (and the connected components of moduli
space they characterize) and numbers of invariant components of translation
surfaces will be the subject of a forthcoming work.
Acknowledgments. I wish to thank my advisor, John Smillie, for his guid-
ance and support in the development of this paper.
Background. A marked translation surface is a triple f : (S,Σ)→ (M,Σ′)
consisting of (i) a topological surface S with a finite set of marked points Σ,
(ii) a 2-dimensional real compact manifold M with a set of marked points
Σ′ such that on M −Σ′ the transition maps between charts are translations,
and (iii) a homeomorphism f : S → M . A marked half-translation surface
is defined similarly, but the transitions maps between charts in (iii) are only
required to be of the form z 7→ ±z+c. Equivalently, we can define a marked
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translation surface to be a compact, connected Riemann surface R together
with an Abelian differential ω defined on R; the flat metric is locally defined
by integrating ω along paths. A marked half-translation surface corresponds
to a meromorphic quadratic differential whose poles are simple. The survey
articles [MT02] and [Zor06] provide an introduction to the theory of flat
surfaces.
The space of marked translation surfaces has a natural stratification based
on the number and order of cone points of the surfaces. Let k1, ..., kn be
natural numbers such that
∑n
i=1 ki = 2g− 2 for some g ∈ N, and let S be a
topological surface of genus g with n marked points. Define an equivalence
relation ∼ as follows: two translation surfaces f : (S,Σ) → (M1,Σ1) and
g : (S,Σ) → (M2,Σ2) are in the same equivalence class if there exists a
translation equivalence h : M1 → M2 such that h ◦ f is isotopic to g. The
stratum (k1, ..., kn) of the space of marked surfaces, H˜(n1, ..., n1) consists
of the set of surfaces translation surfaces f : (S,Σ) → (M,Σ′) whose cone
points have orders n1, ..., nk, modulo the equivalence relation ∼.
The mapping class group MCG(S,Σ) of a marked topological surface
(S,Σ) is the group of homeomorphisms of (S,Σ) (homeomorphisms of S
that preserve Σ as a set) up to isotopy. MCG(S,Σ) acts on H˜(S,Σ) via
precomposition – i.e. if [α] is in MCG(S,Σ) and f : (S,Σ) → (M,Σ′) is
a marked translation surface, the image of this surface under [α] is f ◦ α :
(S,Σ)→ (M,Σ′). The stratum H(k1, ..., kn) of the moduli space of transla-
tion surfaces consists of H˜(k1, ..., k2) modulo the action of MCG(S,Σ).
Given a path γ on a translation surface, define the holonomy coordinates
of γ to be (
∫
γ dx,
∫
γ dy). Holonomy coordinates determine a map from H to
H1(S,Σ;R2). We may think of an element of H1(S,Σ;R2) as assigning a
number in R2 to each homotopy (rel Σ) class of paths between points in Σ.
Given a translation surface f : (S,Σ)→ (M,Σ′), define the corresponding el-
ement H1(S,Σ;R2) to be the element that assigns to each homotopy class of
paths in S the holonomy coordinates of the path f ◦γ in M . Thus, holonomy
defines a map from H˜(S,Σ) → H1(S,Σ;R2) ' R2(2g+|Σ|−1). Locally this
map is injective – a slightly perturbed surface has the same combinatorial
triangulation, but the sidelengths of the triangles are slightly different. This
map defines a (local) topology and coordinates on H˜(S,Σ). The stratum
H(S,Σ) of moduli space can then be equipped with the quotient topology.
The stratum H(S,Σ) is an orbifold of real dimension 2(2g + |Σ| − 1).
For every g ∈ N, the strata H(2g − 2) and H(g − 1, g − 1) each have a
connected component which is called the hyperelliptic component of that
stratum and denoted Hhyp(2g− 2) and Hhyp(g− 1, g− 1), respectively. Let
Q(k1, ..., kn) denote the moduli space of pairs (C,ω) where C is a smooth
compact complex curve and ω is a meromorphic quadratic differential on
C with zeros of orders l1, ..., ln such that ω is not the square of an Abelian
differential. Each pair (C,ω) ∈ Q(l1, ..., ln) is associated in a canonical way
with another connected Riemann surface C ′ and Abelian differential ω′ on
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C. Specifically, C ′ is the unique double covering of C (possibly ramified at
the singularities of ω) such that the pullback of ω is the square of an Abelian
differential; ω′ is this Abelian differential. We are interested in the following
two special cases of this map:
Q(−12g′+1, 2g′ − 3)→ H(2g′ − 2)
Q(−12g′+2, 2g′ − 2)→ H(g′ − 1, g′ − 1).
(The exponential notation Q(−12g′+1, 2g′ − 3) refers to quadratic differen-
tials with 2g′ + 1 simple poles and one zero of order 2g′ − 3.) In these two
cases, the map is an injective immersion, the dimension of the domain equals
the dimension of the range, and the domain is a nonempty, connected stra-
tum whose elements are topological spheres. The hyperelliptic component
Hhyp(2g−2) consists of the image of the map Q(−12g+1, 2g−3)→ H(2g−2).
The hyperelliptic component Hhyp(g − 1, g − 1) consists of the image of the
map Q(−12g+2, 2g − 2) → H(g − 1, g − 1). Kontsevich and Zorich classi-
fied the connected components of the moduli space of translation surfaces
in [KZ03].
Each surface in any hyperelliptic component admits a unique hyperelliptic
involution - an involution which is an isometry (with respect to the flat
metric) and fixes precisely 2g+ 2 points, where g is the genus of the surface.
See [Mir95] for an exposition of the theory of hyperelliptic Riemann surfaces,
including a proof of the uniqueness of the hyperelliptic involution (page
204). We will refer to those points in a hyperelliptic surface which are
fixed by the hyperelliptic involution and are not cone points as Weierstrass
points; the Weierstrass points correspond to cone points of angle pi (or,
equivalently, simple poles of the quadratic differential) in the half-translation
surface which is the quotient by the hyperelliptic involution.
A saddle connection in a translation surface is a geodesic path in the
surface whose end points are (not necessarily distinct) cone points of the
surface. We will call a saddle connection whose midpoint is a Weierstrass
point a Weierstrass edge. The boundary of any invariant component of a
translation surface is a finite union of saddle connections in the direction of
the flow.
The Poincare´-Bendixson Theorem implies that every minimal component
of a translation surface has genus at least one. A classical result states that a
continuous flow on a closed, orientable surface (not necessarily a translation
surface) of genus g has at most g distinct sets which are orbit closures of non-
periodic, recurrent points. Moreover, any such surface admits a continuous
flow which achieves this bound [Mar70]. Naveh discovered the following two
theorems.
Theorem 1.2. ([Nav08]) Let H = H(a1, ..., aj) be a stratum in the moduli
space of translation surfaces of genus g.
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(1) If ai ≤ g − 1, i = 1, 2, ...j, then for every flat surface in H an upper
bound on the number of minimal components is g, and this bound is
tight.
(2) Otherwise, for every flat surface in H an upper bound on the number
of minimal components is g − 1, and this bound is tight.
Theorem 1.3. ([Nav08]) Let H = H(a1, ..., aj) be a stratum in the moduli
space of translation surfaces of genus g ≥ 2. Denote B = {i : ai is odd}.
Fix 0 ≤ M ≤ g − 1 and denote m = max{0,M − [g − 1 − |B|/2]}. Let
M denote the number of minimal components, and P denote the number of
periodic components of a translation surface. Then for every flat surface in
H
M + P ≤ g − 1 + j −m,
and this bound is tight (meaning there exists a surface in H with M minimal
components and g − 1 + j −m −M periodic components). If M = g, then
P = 0 and M + P = g.
2. Invariant component diagrams and upper bounds
Throughout, we will assume the flow on a surface to be in the vertical
direction.
Lemma 2.1. Let S be an element of Hhyp(2g − 2) or Hhyp(g − 1, g − 1)
for any g ∈ N, and denote by γ the hyperelliptic involution of S. Then
γ(C) = C for every invariant component C of S.
Proof. If g = 1, the translation surface S has no saddle connections and so
consists of a single invariant component. If S consist of a single invariant
component the conclusion is immediate, regardless of g.
So assume g ≥ 2 and assume S has more than one invariant component (in
the vertical direction). Let A be the maximum of the areas (with respect to
the flat metric) of the invariant components of S. For t > 0, letMt ∈ GL2(R)
be the matrix
(
t 0
0 1
)
. For t > 0, denote by St the surface made by gluing
together S−C and Mt(C) in the same way as in the original surface S. (The
boundary of C in S consists of vertical saddle connections, and the matrices
Mt preserve the direction and lengths of vertical saddle connections, so we
can still glue along the vertical saddle connections to form St.)
Pick p > 1 such that the area of Mp(C) is greater than A. The sur-
faces Sp and S are in the same connected component of moduli space, the
hyperelliptic component, since {St : 1 ≤ t ≤ p} forms a path in moduli
space from S to Sp. Let γp be the hyperelliptic involution of Sp. Since γp
is an isometry which maps vertical geodesics to vertical geodesics, γp maps
minimal components to minimal components and periodic components to
periodic components (of the same area). Since area(Mp(C)) > A, we must
have γp(Mp(C)) = Mp(C). Hence γp(Sp −Mp(C)) = Sp −Mp(C).
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Now we will use γp to construct a hyperelliptic involution γ1 on S. On
S −C, let γ1 = γp. On C, let γ1 = M−1p ◦ γp ◦Mp. Since γp is an involution
and has 2g− 2 fixed points, so does γ1. Thus γ1 is a hyperelliptic involution
on S. Since hyperelliptic involutions are unique for surfaces of genus g ≥ 2,
γ = γ1. Thus γ(C) = γ1(C) = C. 
For any invariant component C, we will refer to a vertical saddle connec-
tion (recall we are assuming the flow to be in the vertical direction) in the
boundary of C as a boundary edge of C.
Lemma 2.2. Let C and D be invariant components of a surface S in
Hhyp(2g − 2) or Hhyp(g − 1, g − 1). Then the number of boundary edges of
C that are glued to D is even, and the hyperelliptic involution interchanges
pairs of these boundary edges.
Proof. Assume there exists a boundary edge e1 of C which is glued to D.
Let p be the midpoint of e1 and let γ be the hyperelliptic involution of S.
Suppose γ(e1) = e1. Then since γ is an isometry, γ restricted to e1 is either
the identity or rotation about the midpoint of e1. Since γ has only finitely
many fixed points in S, γ cannot be the identity. Hence p is a Weierstrass
point, and in a small neighborhood of p in S, γ acts as a rotation around p
by pi radians. Since γ(C) = C by Lemma 2.1, this means a small disk about
p is contained in C, contradicting the fact that p ∈ e1 is in the boundary of
C.
Therefore γ(e1) 6= e1. Let e2 = γ(e1). Since both C and D are fixed by γ,
e2 is also a boundary edge of C that is glued to D. Since γ is an involution
γ(e2) = e1. 
We will now define the dissection Sˆ of a hyperelliptic surface S inHhyp(2g−
2) or Hhyp(g − 1, g − 1). The first step in constructing Sˆ is to cut along all
boundary edges of of all the invariant components of S. This results in a
number of “pieces” (surfaces with boundary) – one for each invariant com-
ponent of S. Each boundary edge of an invariant piece C is paired with
another boundary edge of C by the hyperelliptic involution by Lemma 2.2.
The second step in constructing Sˆ is to glue the paired edges together via
translations. This yields a union of closed surfaces, say S1, ..., Sk, where k
is the number of invariant components of S. We will call each surface Si
a piece of the dissection Sˆ. (Lemma 2.3 will show that each Si is a trans-
lation surface, as opposed to a half-translation surface). Define the set of
augmented cone points to be the set consisting of all preimages in S1∪...∪Sk
of the cone points of S. (Every cone point in any surface Si is the preimage
of a cone point of S, but not every preimage in a Si of a cone points of S is
a cone point (i.e. has cone angle > 2pi) of Si.) The dissection Sˆ of S is of
the collection of pieces {S1, ..., Sk} together with the set of augmented cone
points.
For example, suppose S is a surface in H(1, 1) which consists of two
minimal tori glued along a vertical slit. To construct the dissection Sˆ, the
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first step would cut along the slit. This yields two tori, each of which has
a slit cut in it. Second, since the hyperelliptic involution interchanges the
sides of each slit, we would “heal” (glue together the sides of) the slit in
each torus. This yields two minimal tori S1 and S2 (without slits); these are
the the two pieces of Sˆ. The set of augmented cone points consists of four
points: the points in each torus that were the top and bottom of the slit.
The dissection Sˆ consists of the two pieces S1 and S2, along with the set of
the four augmented cone points.
Define an augmented saddle connection of Sˆ to be a geodesic path in
one of the Si whose endpoints are both augmented cone points. If C is
an invariant component of S, each pair of boundary edges of C becomes a
vertical augmented saddle connection in the piece SC in Sˆ corresponding to
C. Furthermore, the restriction of the hyperelliptic involution to SC defines
an isometric involution on SC for which the midpoint of this augmented
saddle connection is a fixed point.
Lemma 2.3. Each piece Si of the dissection Sˆ is a translation surface.
Proof. To show that Si is a translation surface, as opposed to a half-translation
surface, it suffices to show that when we describe Si as a finite collection of
polygons embedded in R2 whose boundaries are given a counter-clockwise
orientation, edges which are identified are parallel and have opposite ori-
entations. (Edge identifications for polygons comprising a half-translation
surface are not required to identify oppositely-oriented edges.)
Represent S by a finite collection P of polygons embedded in R2 whose
boundaries are oriented counter-clockwise, along with “gluing rules” which
identify pairs of parallel, oppositely-oriented edges. Without loss of gen-
erality, we may assume the hyperelliptic involution interchanges pairs of
congruent polygons. We may further assume that each polygon is contained
in a unique invariant component of S. Let Pi ⊂ P be the subset consisting
of polygons which make up the invariant component of S which corresponds
to piece Si.
Every edge identification of polygons in P satisfies the requirement that
edges have opposite orientation. The only edges of polygons in Pi which are
not glued (in S) to other edges of polygons in Pi are those that belong to
the boundary of the invariant component corresponding to the piece Si. To
form the piece Si, we glue (via translations) pairs of these edges interchanged
by the hyperelliptic involution. Thus, the restriction of the hyperelliptic
involution to Si fixes the midpoint of such a pair of identified edges, and in
a neighborhood of this point, acts as a rotation by pi radians about this point.
Since the hyperelliptic involution interchanges pairs of congruent polygons,
this implies that the embeddings in R2 of paired congruent polygons differ
by a rotation by pi radians. Consequently, if e1 and e2 are edges of polygons
in Pi such that e1 and e2 are contained the boundary edges of the invariant
component Si ⊂ S and e1 and e2 are paired by the hyperelliptic involution,
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then e1 and e2 have opposite orientations. Therefore Si is a translation
surface. 
Lemma 2.4. Let S be an element of Hhyp(2g − 2) or Hhyp(g − 1, g − 1).
(1) The quotient of each piece Si of the dissection Sˆ by the isometric
involution that is the restriction of of the hyperelliptic involution of
S to the piece Si has genus 0.
(2) The pieces of Sˆ are arranged in a tree.
Proof. Let S1,...,Sn be the pieces of Sˆ. Let S
∗ denote the quotient surface
S/γ, and let S∗1 , ..., S∗n denote the quotient of the pieces by the isometric
involutions which are the restrictions of the hyperelliptic involution γ of S
to each piece. The surface S is formed from the pieces S1, ..., Sn by cutting
along and gluing pairs of augmented saddle connections in the pieces. Let
p1, ..., pm be a list of the pairs of augmented saddle connections which are
joined together to form S. Let p∗1, ..., p∗m be a list of the pairs of geodesic
segments in S∗1 , ..., S∗n which are the images of p1, ..., pm. Then the quotient
surface S∗ is formed from S∗1 , ..., S∗n but cutting along and gluing the pairs
p∗1, ..., p∗m.
We will express the Euler characteristic χ(S∗) in terms of the Euler char-
acteristics χ(S∗1), ..., χ(S∗n). We have that χ(S∗) = 2 by the definition of
a hyperelliptic surface. The surface obtained by cutting along and gluing
a pair of segments p∗i is homeomorphic to the connected sum of the two
quotient pieces. The Euler characteristic of the connected sum of any two
surfaces X1 and X2 equals χ(X1) + χ(X2)− 2. Therefore,
(1) 2 = χ(S∗) = −2m+
n∑
i=1
χ(S∗i ).
Denote the genus of S∗i by g
∗
i . Then χ(S
∗
i ) = 2 − 2g∗i . In order to connect
all the pieces S1, ..., Sn, we must have that m ≥ n− 1. Thus,
(2) − 2m+
n∑
i=1
χ(S∗i ) ≤ −2(n− 1) +
n∑
i=1
χ(S∗i ) = 2−
n∑
i=1
2g∗i .
Combining equations (1) and (2) yields
2 ≤ 2−
n∑
i=1
2g∗i ,
implying g∗i = 0 for all i. This proves part 1 of the proposition.
Using the fact that g∗i = 0 for all i, we have
2 = χ(S∗) = −2m+
n∑
i=1
χ(S∗i ) = −2m+ 2n−
n∑
i=1
2g∗i = 2(n−m).
Hence, m = n− 1. Since we have n pieces connected along m = n− 1 slits,
the pieces must be arranged as a tree, proving part 2 of the proposition. 
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Combining Lemmas 2.3 and 2.4 yields the following classification of sur-
faces in the hyperelliptic components Hhyp(2g − 2) and Hhyp(g − 1, g − 1):
Corollary 2.5. Each translation surface in Hhyp(2g−2) or Hhyp(g−1, g−1)
with n invariant components has a canonical description as consisting of
n hyperelliptic translation surfaces which have slits cut along augmented
Weierstrass edges, and these hyperelliptic translation surfaces are glued to-
gether in a tree configuration by identifying pairs of slits via translations.
We now define the invariant component diagram associated to a sur-
face S in Hhyp(2g−2) or Hhyp(g−1, g−1), a graph-like object that describes
how the pieces of Sˆ can be connected to form S. The graph has n vertices,
where n is the number of pieces of Sˆ, and a bijection relates the vertices with
the pieces of Sˆ. The graph has a number of half-edges, line segments which
have one end at a vertex and the other end free-floating. There are two
different types of half-edges, which we will call solid half-edges and dotted
half-edges. Two solid half-edges incident to two distinct vertices may joint
to form a full solid edge.
Each solid half-edge incident to a vertex represents a vertical augmented
saddle connection on the corresponding piece of Sˆ. Each dotted half-edge
incident to a vertex represents a pair of augmented critical leaves of the
vertical foliation of the corresponding piece of Sˆ which do not form an aug-
mented saddle connection (i.e. a dotted half-edge represents a “broken”
augmented saddle connection). Define a bijection relating the half-edges of
the graph and the augmented saddle connections (intact or “broken”) of the
pieces of Sˆ.
To form S from the pieces of Sˆ, we cut along some of the vertical aug-
mented saddle connections in the pieces, turning these augmented saddle
connections into slits, and then we glue together pairs of slits. For each pair
of these slits which are glued together to form S, connect the corresponding
two solid half-edges in the graph so that they form a full solid edge.
Algorithmic definition of the minimal component diagram asso-
ciated to S:
(1) Draw n labeled vertices, where n is the number of pieces of the
dissection Sˆ. Say that vertex vi represents piece Ci of the dissection
Sˆ.
(2) For each i, draw ki solid half-edges incident to vertex vi, where ki is
the number of augmented vertical saddle connections in the surface
Ci.
(3) For each i, draw ji dotted half-edges incident to vertex vi, where
ji is the number of augmented “broken” vertical saddle connections
in the surface Ci. (A “broken” saddle connection means a pair of
critical leaves of the vertical foliation which are of infinite length and
do not form a saddle connection.)
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(4) For each pair of vertical saddle connections in the original surface S
which were boundary edges of components Cm and Cn (and which
we cut when forming the dissection Sˆ), connect a pair of solid half-
edges incident to vertices vm and vn to form a full solid edge between
these two vertices.
Figure 1. Sample invariant component diagram.
Lemma 2.6. Let S be in Hhyp(2g−2) or Hhyp(g−1, g−1). Denote by ni the
number of half-edges incident to the ith vertex of the invariant component
diagram associated to S. Then the total cone angle of S equals 2pi
∑
i ni.
Proof. A cone point with cone angle kpi has k vertical rays (going either
“up” or “down”) which emanate from the cone point. A vertical (possibly
augmented) saddle connection requires two such rays (one going up, one
going down, meeting in the middle). A “broken” saddle connection (i.e. a
pair of non-closed augmented critical leaves of the vertical foliation) also
requires two such rays. Each half-edge incident to a vertex in the invari-
ant component diagram represents a vertical augmented (possibly broken)
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saddle connection in the corresponding piece of the dissection Sˆ. Hence,
2pi multiplied by the number of half-edges incident to a fixed vertex equals
the sum over the augmented cone points in that piece of the cone angle
at those points. Hence, the total cone angle of S equals the sum over all
the augmented cone points in all the pieces in Sˆ of the cone angle at those
points. 
Lemma 2.7. Let S be a translation surface such that every critical leaf of
the vertical foliation is closed. Then S admits a cylinder decomposition in
the vertical direction.
Proof. Assume every critical leaf of the vertical foliation of S is closed. Let
x be a point in S that is located some small distance  in the horizontal
direction from a vertical saddle connection. Then every point of the leaf
passing through x of the vertical foliation is also  away from a vertical
saddle connection. Because S has finitely many vertical saddle connections,
each of which is of finite length, the leaf passing through x must be peri-
odic. As x was arbitrary, this implies every vertical saddle connection has
a neighborhood of periodic points. Since the boundaries between invariant
components of S are vertical saddle connections, this implies every regular
point of S is periodic. 
Dotted half-edges in the invariant component diagram represent “broken”
saddle connections, so Lemma 2.7 immediately implies:
Corollary 2.8. Each vertex in the invariant component diagram which cor-
responds to a minimal component in S has at least one incident dotted half-
edge.
Lemma 2.9. Let S be a translation surface in Hhyp(2g − 2) or Hhyp(g −
1, g−1) which has m minimal components and p periodic components. Then
the total cone angle of S is at least 2pi(3m+ 2p− 2).
Proof. The invariant component diagram associated to S must have
(1) m + p vertices (of which m represent minimal components and p
represent periodic components),
(2) at least one dotted half-edge incident to each of the “minimal” ver-
tices, and
(3) enough solid full edges to make the graph connected.
The diagram may have additional half-edges, which may be either solid or
dotted. At a minimum, then, the diagram has m dotted half-edges, and
m + p − 1 solid full edges. Each of the solid full edges consists of two
half-edges. Thus the total number of half-edges in the invariant component
diagram is at least m + 2(m + p − 1) = 3m + 2p − 2. By Lemma 2.6, the
total cone angle of S is therefore at least 2pi(3m+ 2p− 2). 
Proposition 2.10 follows immediately from Lemma 2.9 and the fact that
the total cone angle of a surface in H(2g − 2) is 2pi(2g − 1) while the total
cone angle of a surface in H(g − 1, g − 1) is 2pi(2g).
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Proposition 2.10. Fix g ∈ N. Let (p,m) be a pair of nonnegative integers,
at least one of which is nonzero.
(1) If there exists a translation surface in the hyperelliptic component
Hhyp(2g − 2) with precisely p periodic components and m minimal
components then
3m+ 2p− 1 ≤ 2g.
(2) If there exists a translation surface in the hyperelliptic component
Hhyp(g−1, g−1) with precisely p periodic components and m minimal
components then
3m+ 2p− 2 ≤ 2g.
3. Constructing surfaces with specific numbers of periodic and
minimal components
We will use invariant component diagrams as “blueprints” for construct-
ing surfaces in Hhyp(2g − 2) and Hhyp(g − 1, g − 1) with specific numbers
of periodic and minimal components. First, we will construct the “build-
ing blocks” we will be using – hyperelliptic surfaces with given numbers of
Weierstrass edges and “broken” saddle connections.
Lemma 3.1. Let X = R/Z and Y = R/Z with the standard ordering on
[0, 1). Let x0 < x1 < ...xn−1 be n distinct points in X. For each i, define
yi ∈ Y by yi = −xi. For each i, define ϕi : [xi, xi+1 mod n] → [yi+1 mod n, yi]
by
ϕi(x) = x+ yi+1 mod n − xi.
Let ∼ be the equivalence relation on X ∪ Y generated by the ϕi’s. Then
(1) if n is odd, {x0, ..., xn−1, y0, ..., yn−1}/ ∼ consists of a single equiva-
lence class,
(2) if n is even, {x0, ..., xn−1, y0, ..., yn−1}/ ∼ consists of two equivalence
classes, each of which has n preimages.
For each natural number n, we will define hyperelliptic surfaces Pn and
Mn. Pn will consist of a single periodic component and Mn will consist of a
single minimal component. The surface Pn will have n vertical Weierstrass
edges, and Mn will have n − 1 vertical Weierstrass edges. (In the cases
n = 1 and n = 2, Pn and Mn have no true cone points, but we will think
of them as having n augmented cone points. P1 has one vertical augmented
Weierstrass edge, M1 has no vertical augmented Weierstrass edges (and will
not be used), P2 has two vertical augmented Weierstrass edges, and M2 has
one vertical augmented Weierstrass edge.) If n is even, Pn and Mn will be
genus n2 surfaces in Hhyp(n2 −1, n2 −1). If n is odd, Pn and Mn will be genus
n+1
2 surfaces in Hhyp(n− 1).
The surfaces Pn and Mn do not have boundary. To connect two such
surfaces together, we will cut along a vertical Weierstrass edge in each, and
glue along the resulting slits.
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The surfaces Pn: For n ∈ N, define Pn as follows. Begin with a flat
rectangle which measures n units in the vertical direction and 1 unit in
the horizontal direction. Partition each of the vertical sides into n disjoint
segments of length 1. On the left side of the rectangle, label the segments
s1, ..., sn, in order, with s1 at the top and sn at the bottom. On the right
side of the rectangle, again label the segments s1, ..., sn, but use the opposite
order: label the top segment sn, and the bottom segment s1. For each i,
identify the two vertical segments labeled si via a translation. Identify the
two horizontal sides of the rectangle via a translation in the vertical direction
(so that the vertical sides of the rectangle each become a closed curve). This
surface is Pn.
The only cone point(s) in Pn are formed by identifying the endpoints of
the segments si. By Lemma 3.1, if n is odd all the endpoints of the si’s
are identified to form a single cone point. If n is even, Lemma 3.1 shows
that the endpoints of the si’s form two distinct cone points with equal cone
angle. The total cone angle of Pn is 2pin, so Pn has genus
n+1
2 if n is odd and
genus n2 if n is even. It is easy to see that Pn admits an isometric involution
with 2g + 2 fixed points: rotating the entire rectangle by a half-turn fixes
the midpoint of each si, the midpoint of the rectangle, the midpoint of the
horizontal sides of the rectangle, and the unique cone point if n is odd. Thus,
Pn admits a hyperelliptic involution.
The surfaces Mn: For n ∈ M , define Mn as follows. Begin with the
rectangular representation of the surface Pn defined above. Perform a ver-
tical shear (apply a matrix
(
1 0
t 1
)
) so that the two segments labeled s1 on
the vertical sides of the rectangle are at the same vertical height. Then the
horizontal path from the top of the left s1 segment to the top of the right
s1 segment is a closed horizontal curve, as is the horizontal path from the
bottom of the left s1 segment to the bottom of the right s1 segment. Apply
an irrational horizontal shear (a matrix
(
1 α
0 1
)
where α is irrational) to the
rectangle whose vertical sides are the two s1 segments and whose horizontal
sides are the closed horizontal curves connecting the endpoints of the s1
segments. The resulting surface is Mn.
Since Mn is obtained by continuously deforming Pn and Pn is in the
hyperelliptic connected component, Mn is also in the hyperelliptic connected
component. Mn has the same number and type of cone points as Pn. The
irrational twist on the rectangle whose vertical edges are s1 destroys one
vertical Weierstrass edge and makes the vertical foliation of Mn minimal.
We now describe how to construct surfaces associated to certain invariant
component diagrams (those in which every vertex has at most one incident
dotted half-edge). A vertex with n ∈ N incident (half-)edges corresponds
to a surface Pn if all (half-)edges are solid and corresponds to a surface
Mn if precisely one of the (half-)edges is dotted. For each solid full edge
which connects two vertices, cut along a vertical Weierstrass edge in each
to form slits, and glue the slits together via a translation. (Recall that for
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Figure 2. Polygonal representations of the surfaces P3 (left)
and M3 (right).
n = 1 and n = 2, we interpret the surfaces Pn and Mn to have n augmented
cone points, and use the augmented Weierstrass edges instead of true saddle
connections.)
We will now define two families of invariant component diagrams. For
each k ∈ N and each pair of nonnegative integers (p,m), at least one of
which is nonzero and such that 3m+ 2p− 2 ≤ k, we will define two invari-
ant component diagrams: the p-central diagram Dper(k,p,m) and the m-central
diagram Dmin(k,p,m).
Construct the p-central diagram Dper(k,p,m) as follows: Draw one central
vertex. Now draw m+p−1 other vertices and connect each of these vertices
to the central vertex with a full solid edge. Add a dotted half-edge to m of
the non-central vertices. Add y = k − (3m+ 2p− 2) solid half-edges to the
central vertex.
Construct the m-central diagram Dmin(k,p,m) as follows: Draw one central
vertex. Now draw m+p−1 other vertices and connect each of these vertices
to the central vertex with a full solid edge. Add a dotted half-edge to the
central vertex and to m− 1 of the non-central vertices. Add y = k− (3m+
2p− 2) solid half-edges to the central vertex.
Lemma 3.2. Fix an integer k ≥ 3. The translation surface associated to
an invariant component diagram Dper(k,p,m) or Dmin(k,p,m) has one cone point if
k is odd and two equal cone points if k is even.
Proof. Fix any integer k ≥ 3 and any such diagram D. Let p′ be the number
of non-central periodic vertices of D, let m′ be the number of non-central
minimal vertices of D, and let y′ be the number of half-edges (either dotted
of solid) incident to the central vertex which are not part of a full edge.
Regardless of whether D is m-central or p-central, we have k = 2p′+3m′+y′.
The central component is either a Pn or a Mn building block for some
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n ∈ N. Each of the p′ periodic non-central vertices represents a periodic
cylinder glued to a Weierstrass edge in the central component. Gluing a
cylinder to a Weierstrass edge in the central component forces the marked
points at the top and bottom of the Weierstrass edge to coalesce. Thus, for
each of the p′ cylinders attached to the central component, the number of
marked points on the two vertical boundaries of the rectangle representing
the central component decreases by one. Gluing a minimal slit tori along a
Weierstrass edge does not cause any marked points to coalesce.
The total number of half-edges (counting a full edge as two half-edges)
in D is k. Of these k half-edges, 2p′ are used to connect the central vertex
to the non-central periodic vertices, and another 2m′ of the half-edges are
incident to non-central minimal vertices (each of the m′ non-central minimal
vertices has a dotted half-edge and a half-edge contained in the full edge
connecting the vertex to the central vertex.) Thus, the number of half-
edges incident to the central vertex which do not represent Weierstrass edges
whose top and bottom points are forced by cylinders to coalesce is y′+m′ =
k−2p′−2m′. This is the number of distinct marked points on each of the two
vertical boundaries of the rectangle representing the central component. By
Lemma 3.1, these marked points are identified to form one marked point if
k−2p′−2m′ is odd and two marked points with equal numbers of preimages
if k − 2p′ − 2m′ is even. (The condition that k ≥ 3 excludes the diagram
consisting of two vertices connected by a solid full edge; in this case the total
surface is a torus and has no cone points.) Since 2p′+ 2m′ is even, the total
surface therefore has one cone point if k is odd and two equal cone points if
k is even. 
Corollary 3.3. Fix an integer k ≥ 3 and a pair of nonnegative integers
(p,m), at least one of which is nonzero and such that 3m + 2p − 1 ≤ k. A
translation surface surface associated to the invariant component diagram
Dper(k,p,m) or Dmin(k,p,m) is in Hhyp(k2 −1, k2 −1) if k is even and is in Hhyp(k−1)
if k is odd. Furthermore, such a surface has precisely p periodic components
and m minimal components.
Proof. Let S be the translation surface associated to one of these diagrams.
Every building block B used to construct S is a hyperelliptic surface with
hyperelliptic involution γB which fixes 2gB +2 points, where gB is the genus
of B. When we glue two building blocks B1 and B2 together, we cut a slit
along a Weierstrass edge in each; this destroys one fixed point in each build-
ing block. Since γB1 and γB2 agree along the slits, we can define an involution
γB1unionsqB2 on the total surface by defining γB1unionsqB2 piecewise as whichever of γB1
and γB2 is defined. Thus γB1unionsqB2 fixes 2(gB1 + gB2) + 2 points and is the
hyperelliptic involution on the total surface.
Similarly, when gluing together n building blocks B1, ..., Bn along Weier-
strass edges, we can define a hyperelliptic involution γunionsqiBi on the total sur-
face by defining γunionsqiBi piecewise to be whichever γBi is defined. The involu-
tion γunionsqiBi fixes 2(gB1 + ...+gBn)+2 points. Since every invariant component
15
diagram Dper(k,p,m) or Dmin(k,p,m) is a tree, the genus of any surface associated to
such a diagram is the sum of the genera of the building blocks. Consequently
γunionsqiBi fixes 2g + 2 points, where g is the genus of the total surface.
The integer k is the total number of half-edges (counting a full edge as
two half-edges) in the invariant component diagram. By Lemma 2.6, the
total cone angle (the sum over the cone points of S of the cone angle at that
point) of S is 2pik. A translation surface in the stratum H(2g− 2) has total
cone angle 2pi(2g−1) and a translation surface in the stratum H(g−1, g−1)
has total cone angle 2pi(2g). Then by Lemma 3.2, if k is odd, the surface S
has genus k+12 and is in Hhyp(k− 1); if k is even, the surface S has genus k2
and is in Hhyp(k2 − 1, k2 − 1). 
Proof of Theorem 1.1. The upper bounds in Theorem 1.1 are given in Propo-
sition 2.10. Corollary 3.3 proves that given any hyperelliptic connected com-
ponent (Hhyp(2g−2) orHhyp(g−1, g−1)) for the moduli space of translation
surfaces of genus g ≥ 2, and any pair (p,m) satisfying the upper bounds,
there exists a translation surface in that hyperelliptic connected component
with precisely p periodic components and m minimal components.
Although the case g = 1, m = 0, p = 2 satisfies the bound 3m+ 2p− 1 ≤
2g, no translation surface realizes this pair, since every flat torus consists of
a single component. In this case, the bound “sees” the torus as consisting
of two copies of P1. However, since the augmented “cone points” on the
boundaries of those cylinders are not true cone points (i.e. do not have cone
angle greater than 2pi), the surface has no saddle connections, and thus the
“two cylinders” form a single periodic component. 
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